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Overview, Assumptions

Let R be a complete discrete valuation ring of (equal) characteristic p,
K = FracR.

We describe R-Hopf orders in a class of K-Hopf algebras H which are
generated as K-algebras by their primitive elements P(H).

[Some of this will work for R = Fq[t], K = Fg(t), g a power of p.]
These include orders in:

e KI[t]/(t*"), the monogenic local-local Hopf algebra of rank p”
@ (KTI)*, I an elementary abelian p-group

@ All group schemes are affine, flat, commutative, p-power rank.

@ All Hopf algebras are abelian (commutative, cocommutative), free
over its base ring, and of p-power rank.
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@ Dicudonné Module Theory
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Geometric Interpretation

For now, let R be any [Fy-algebra, S = Spec(R).

Let G be an S-group scheme. Then G is equipped with:

@ The relative Frobenius morphism F : G — G(P) := G x g frop S.
@ The Verschiebung morphismV : GP) — G, most easily defined as

V= (Fgv)’

where v indicates Cartier duality.

Note that VF = p-idg and FV = p-idgp).
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Let G4 R be the additive group scheme over R.

When R is understood, denote it G,.

Then Endg.go(Ga) = R[F], where Fa= aPF forallac R.
Given a finite group scheme G, define

D*(G) = Homp.go(G, Ga).

The ring R[F] acts on D*(G) through its action on G.
This gives a contravariant functor
{finite R-group schemes} — {finite R[F]-modules}

which is not an anti-equivalence.
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However, the restricted functor

R-group schemes finite R[F]-modules,
killed by V R-free, killed by V

is an anti-equivalence; furthermore,
rk(G) — I)rk.‘?('D*(G))7
and this is compatible with base change.

We will call finite, R-free R[F]-modules Dieudonné modules.

(It is the only type of Dieudonné module needed here.)
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Q. Which finite group schemes are killed by V?

Finite subgroup schemes of G} for some n.
(Short rationale: Gg =kerV: W — W.)

Group schemes killed by p include:
@ apn =kerF": Gy — Ga.
(" Frobenius kernel of G )
@ Z/pZ = ker(F —id) : Gg — Ga.
(constant group scheme)
@ Finite products of the group schemes above.

This is not an exhaustive list.
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Algebraic Interpretation

Ga = Spec(R](t]) with t primitive.
Let G be a group scheme, G = Spec(H).
Then

D*(G) = Homp.gp(G, Ga) = Homp.Hept aig(A[t], H).

Under this identification, f € D*(G) sends t to a primitive element in H,
and f is completely determined by this image.

Thus, we define
D.(H) = P(H)

and obtain a categorical equivalence

{ finite, flat, abelian

R-Hopf algebras — {Dieudonné modules} .
“killed by V"
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The inverse

Let M be a finite R[F]-module, free over R. Let {ey, e2,...,en} be an

R-basis for M.
Leta;;, 1 <i,j < nbe given by

n
Fei = Z a, €.
j=1
Then D,(H) = M, where

H=Rlt,....tal/({tf = aiti}), {t}} € P(H)

=

By writing M = R" and using e; as a standard basis vector, we have

Fe,- = Ae,-
where A = (a; ;) € Mp(R).

Alan Koch (Agnes Scott College) 9/47



Some Examples

Throughout, we also use F to denote the Frobenius morphism on Hopf
algebras.

In each example, the explicit algebra generators are primitive.

Example

G=ap, H=RI[t,....t))/(tf,..., t7). P(H) = Spang{t;,..., t,}.
F(t’)=0,1<i<n.

So D.(H) is R-free on ey, ..., e, with

Fe,- =0.
In this case, A =0 (Fe; = Ae; = 0).
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Example

G=ap, H=R[t/(t"") = Rltr,....t] /(7,8 —tr,....th —th_+)
P(H) = Spang{t,t?,...,.t*""'}.

F(tP)y=tP"' 0<i<n-—1.

So D.(H) is R-free on ey, ..., e, with

Fe,-_{ e_1 Ii>1

0 i=1
In this case,
o1 0 --- 0
0 0 1 0
A= :
00 O 1
00 O 0
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Example

G=(z/pZ)", H= (RC[,’)* =R[ty,....t] /(= tr,.... 15— tn)
P(H) = Spang{t,...,t}.

Fit)=t’ =t,1<i<n.

So D.(H) is R-freeon e,..., e, with Fe; = g, for all i.

Clearly, A= 1.
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An example in the other direction

Let A be the cyclic permutation matrix

o1 0 --- 0
oo 1 ... 0
A=| i 0 i | D(H) = Ma.
00 0 . 1
10 0 -

Then H is generated by primitive elements t,. .., t, with

tp: t,‘,1 I>0
L tn I:0

If we set t = t, then

H = R[t]/(t" — ),
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e More Linear Algebra
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Let A, B € My(R).

Let M4, Mg be free R-modules of rank n which are also R[F]-modules
via

Fe; = Ae; and Fe; = Beg;

respectively.

A morphism of Dieudonné modules is an R-linear map My — Mg
which respects the actions of F.
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Let © € M,(R) represent (and be) an R-linear map May — Mpg.

Let n = 2 and write
a as b1 b2 > ( 01 6o )
A= ,B= ,0 = .
< a3 a4 ) ( by by O3 064
Then:

F(©(e1)) = F(01e1 + O3€2)
= 9?([31 e + bses) + 9§(b261 + byeo)
= (05b1 + 05b2)es + (07 bs + 05bs)er

O(Fet) = O(are1 + aze)
= ai(01e1 + 03€2) + az(0201 + s€2)
= (@101 + azh2)ey + (a103 + aszby)es.
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Repeat for F (©(e2)) = © (Feo). We get:

In other words,

f1ay + braz = by 9? + bgeg
Ozay + Oraz = bgef + b49§
f1a> + 6oa4 = by 9’2) + bg@f

Ozao + O4a4 = b3¢9l2) + b49£.

©A = BoP)

where () = (¢?) for all /.

Furthermore, © is an isomorphism if and only if © € Mx(R)*.

This generalizes to any n.
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Choosing A € M,(R) gives an R-Hopf algebra, say Ha.
But. Different choices of A can produce the “same" Hopf algebra.

Example
Pick r € R,r ¢ IFp, and let

10 1 0
A:(O 1>andB_<rpr1>.

Ha = Rlt, bl /(1) — t, 15 — 1)
He = Rlur, to] /(U — th — (1P = r)uz, U3 — Up)

Then

Since

(h+r)P =t +rPb=t+ro+rPtb —rb=(t; + rt) + (r° — Nt

if we let uy =ty + rtp, up = tp, then Hy = Hp.
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e Hopf Orders
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From now on, R =Fy[[T]], K =Fq((T)).
Let vk be the valuation on K with vk(T) = 1.

We have R-Dieudonné modules and K-Dieudonné modules,
compatible with base change.

Pick A, B € My(R) and construct R-Dieudonné modules Ma, Mg.
Write Ma = D.(Ha) and Mg = D..(Hp).
Then D.(KHj,) is a Dieudonné module over K and

D.(KHa) = D«(Ha) @R K.

Similarly,
D*(KHB) = D*(HB) ®g K.
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Now KHj = KHg if and only if there is a © € GL,(K) which, viewed as
a K-linear isomorphism

D*(KHA) — D*(KHB),

respects the F-actions on the K-Dieudonné modules.

Thus, Ha and Hg are Hopf orders in the same K-Hopf algebra iff

©A = BOP) for some © e GL,(K). J

Alan Koch (Agnes Scott College) 21/47



©A = BoP) for some © € GL,(K) J

Write A = (a,-,,-), B= (bi,j)a 0= (9,"/')- Then
@ Hjyis viewed as an R-Hopf algebra using A ie.
Ha = Rlus, ... upl/({uf =) au;}).

@ Hpis viewed as an R-Hopf algebra using B, i.e.

Hp = Rlty,... tal/({tP = byiti})

@ KHp is viewed as a K-Hopf algebra in the obvious way.
@ Hpgis viewed as an order in KHg in the obvious way.
@ Hjyis viewed as an order in KHp through ©, i.e.

n
Hy=R {{ZQL,I}- 1 <iL n}
j=1

(apologies for the abuses of language)

C KHg
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e Rank p Hopf orders
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What are the rank Hopf algebras (killed by V) over K?

They correspond to rank 1 Dieudonné modules over K.

Fix a € K, and let M = Ke with Fe = ae.

The corresponding Hopf algebra is H, := K[t]/(t° — at).
Furthermore, H; = H, if and only if there is a § € K* with #a = boP.
Case b = 0. This is the algebra which represents ap.

Case b # 0. Let 9 = b'/(1-P) ¢ Ksep,

Then
Hp @ K3°P =~ H; @ K5¢P = (KsepCp)*,

hence Hp, is a form of KC;.

(This is a well-known result in descent theory.)
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Case b = 1: orders in KC;

Strategy. Pick § € K such that 9°~' € R (so # € R), and let a = 9P~ 1.
Then M = Re, Fe = ae is an R-Dieudonné module, whose Hopf
algebra H, is generically isomorphic to KC.

The R-Hopf algebra is

Hp = R[u]/(uP — au).
We can view it as a Hopf order by identifying u with 8t and hence

Hy = R[Ot] C K[f]/(t° — t).

Check:
uP = (0t)P = 6PtP = 9P~ 10t = au.

Note Hy, = Hp, iff vk(61) = vk(62), so the Hopf orders are:
1 2

H; = R[T't],i > 0. J
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Case b#0

Since K[t]/(tP — bt) = K[t]/(t° — TP~'bt) by the map t — T~ 't, we
may assume
0<w(b)<p—1.

Pick # € K* and let a = boP~1.
Provided a € R (which holds iff § € R) we have

Hy, = R[0t] C K][t]/(t° — bt).
As before, if u = 0t then
uP = (0t)P = 0PtP = 0P~ bot = au

and so Hy = R[u]/(uP — au).
Again, Hy depends only on vk(6), so a complete list is

H;:R[T’t],izo. J

Alan Koch (Agnes Scott College) 26 /47



Clearly, 6a = bP can occur only if a= 0.
So, any two R-Hopf orders in K|[t]/(tP) are isomorphic.

However. They are not necessarily the same Hopf order. It depends
on the chosen embedding © = (0) € GL{(K).

Letd € K*.
Then R[At] is a Hopf order in K[t]/(tP).

As R[0t] = R[(r9)t],r € R*, the complete list is

H; = R[T't],i € Z. J
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e Rank p", n usually 2
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The new definition of “all”

The R-Hopf orders we find are subgroups of GQ’R.

If there are nontrivial models of G , then it we may miss some Hopf
orders.

i.e., If G = Spec(A), G # G, g with

ARr K Z R[xy,...,xs], A(X) = x, 1+ 1® x,

and G=Spec(H) is a subgroup of G ., and Gy=Spec(Hp) is a subgroup
of G such that Hy is a Hopf order in H, our procedure will not detect it.

This is not an issue when n = 1 since G, x has no nontrivial models.
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Overview for all n

@ Pick a K-Hopf algebra H, and find the B € M,(K) which is used in
the construction of its K-Dieudonné module.

@ Find A € M,(R) such that ©A = BOP) for some © € GL,(K).
(One such example: A=B,©=1.)

@ Construct the R-Dieudonné module corresponding to A.

@ Construct the R-Hopf algebra H, corresponding to this Dieudonné
module.

@ The algebra relations on H, are given by the matrix A.
@ Hj can be viewed as a Hopf order in H using ©.
® Hy, = Ha, if and only if @10 is an invertible matrix in R, where

©A; = BOP) and ©'A, = B(©')(P).

Alternatively, Ha, = Ha, if and only if © = ©U for some U € My(R)*.
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©A = BoP)

Note. M,(R)* are the matrices that invert in R, not invertible matrices
with entries in R.

Mn(R)* & Ma(R) N GLo(K).

One strategy. Given B, set A= ©-1Bo(P),

This will generate a Hopf order iff A has coefficients in R.
But, we can replace © with ©U for U € M>(R)*.

Notice that

(OU)~'B(eU)P =y (@4 B@(p)> ue),

and so (OU)~'B(OU)P ¢ M,(R) iff ©~1BOP) ¢ My(R).
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nis now 2

. (01 62
erte@—<03 04>'

If vk(02) < vk(64) then replace © with
0 1
°(7 )
Then replace this (possibly new) © with

o(o ")

SO we may assume 6> = 0.

S0 Vk(02) > vi(01).

Now © is lower triangular.

Alan Koch (Agnes Scott College) 31/47



Now © is lower triangular

We can replace © with
N 91—1 Tk (61) 0
0 9;1 TVk(64)

to make 64, 64 powers of T.

Finally, if vk(64) < vk(63) then we can replace © with

e( —9;/94 (1) )

to make 03 = 0.

So, we have two cases:
© o s diagonal.
@ O is lower triangular with vk (63) < vk(04).
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Sethy =T'6,=0,03=0,0,=T

The Hopf orders will be of the form

H,'J',g =R |:Tit1 + 0ty Tjtg
with = 0 or vk(6) < J.

But, not every expression of this form is a Hopf order.

H=Kt, t]/({ —t,8 —b)

Then H_100 = R [T 't, ] is not a Hopf order because it is not a
finitely generated R-module, e.g.:

(T-'4)P = T—Pt; & Spang{(T~'t)'t,:0<i,j<p—1}.

Alan Koch (Agnes Scott College) 33/47



H,’ljig =R [Tiﬁ + 0o, Tjtg} , VK(Q) <J

In the case 6 = 0 we get

Hijo=R [T"t1, Tf'tz} :

Creating Larson-like orders.

Note that we can (and often do) have i,j > 0, in contrast to the “real"
Larson orders.
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H,’ljig =R [Tiﬁ + 0o, Tjtg} , VK(Q) <J

Q. When is H,',j,g = Hl",j",@/?

Precisely when there is a U € My(R)* such that
T 0 T" 0
(9 Tf>_(0’ Tf>U'

Such a U exists if and only if

i=i
j=7
VK(Q—QI)Ej.

Note that this includes the case 6§ = 0 since for 6’ # 0, vk (¢') < j.
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An example: H = K[t;, to], (£, ££)

A=0"1BoP

Here B = 0, so we must have A= 0.
Then any © € GL,(K) gives a Hopf order.
In this case,

Hijo=R [T’ﬁ, T/tg}

Hijo = R [Tt +6t, Tl 1. € Z,vi(6) <

are all of the Hopf orders, and H; ;g = H; ¢ iff vi(6 — 6') > .
Writing 6§ = TXu, vi(u) = 0 gives a parameterization of all of the
non-Larson-like Hopf orders:

{(,j.k,u):ijkeZ k<j0+uecR/T ¥R}
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Another example: H = K[t]/(t7) = K[t, &]/(t°, 1 — ;)

, 0 1 T 0 .
Inthlscase,B—<0 0>.Let®—< 0 Tj>,0—00rvK(9)<j.

A—o1Bel — < 6o T )

_ppH1T—(i+)) gT(P—1)j—i

0 T

pr— '>. p—
If6=0,thenpj>i so A (0 0

Hopf order

>, which gives the Larson-like

RIT'ty, Tits] = RIT'tP, T/H), ]

which is monogenic if and only if pj = i.
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H = K[t]/(t) = K[t &] /(1 8 — ) (still)

Case vk (0) < j:

oPT—! TP
A= ( —ppH1 T—(i+)  gT(P—1)j—i )

To give a Hopf order, we require pj > i and
vk(0) = min{i/p,(i+j)/(p+1),i—(p—1)j},
giving

R= [Tt +ob, Tftg] = R[T"tp+9t, T/t]. J

Note. If pj = i then
ilp=j<vk(0)<j
which can’t happen.
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Yet another example: H = K[t b] /(1] — t;, & — b)

This is K(Cp x Cp)*.
Here, B = I, so pick © and set A= ©0-10( .

1 TP+ 0 T(p=1)i 0
A= Ti+] ( TigP — TPig Ti+p/ > - < T-igp — T=1)i=jg T(p—1)j > :
The Larson-likes are easy to find.

T 0 T=0 0
92(0 T/):'A:( 0 T(p1)/>-

Clearly, A € Mx(R) if and only if i,j > 0.
Thus, the Larson-like Hopf orders we get are

Hij = R[T’g,rf'tz] Ji,j>0. J
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H = Klt;, t]/(tf — t, 15 — t), © not diagonal

T(p—1)i 0
A= < T—igp _ T(o-Di-ig T(P-1i ) :
Again, i,j > 0. Let k = vk(6). For A € Mx(R) we also need

vk(0P~1 — TWP=11) > j _ k (note j — k > 0),
and this suffices.
Thus,

H,"j’g =R [Tit1 + 01, Tjtg
where 9P~1 = T(P-2) mod T/%R, i.e.,

6 = zT' mod TW=H/(P-DIR 7 € Fy.
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Lastex: H = K[t]/(t” — t) = K[t, ] /(t’ — &, &5 — 1)

This example was introduced earlier, now specialized to n = 2.

0 1
Here,B_<1 O)and

oPT TR~
A= < TPi—j _ ppH1 T—(i+)) _gT(p—1)j~i > :

The Larson-like orders are

R[T't, Tit| = R[T'¥, Tit] i < pj < pPi.

Note. We have /,j > 0, and the order is monogenic iff pj = i.
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oPT— TRI—i
A= < TP~ _ ot () _gT(o-Ni-i ) :
There are numerous non-Larson-like orders, but they remain
somewhat cumbersome to describe. Along with pj > i we need

vk(0) = i/p
vk(0) > i —j(p—1)
VK(T(D+1 )i—2j 9,D+1) > I—|—j

From this, we know, e.g.,

j—(pi—i) < wk(0) <j
i/p < vk(0) </,

but these are not sufficient inequalities.
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@ What to do now
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Possible Directions

@ Extension of these examples to arbitrary n.

The Larson-likes seem easy for all.

The non-Larson-likes seem doable for
o K[1]/(t*")
® Klty,....ta] /(1,80 ..., 1),

more complicated for (RCp)*.

Need a simple representation for ©. (Lower triangular? Powers of T on
diagonal? Highest valuation on diagonal?)
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Possible Directions

@ Make concrete connections to works with similar results from
characteristic zero.

@ Construction of Hopf orders in KCp» and KCy using polynomial
formal groups. [Childs et al]

@ Breuil-Kisin module constructions corresponding to Hopf orders in
KCj [K]

Both of these use a matrix ©, and the location of the entries of
010 is important.
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Possible Directions

© Extend to cases where V does not act trivially.

Possible tools:
@ Breuil-Kisin modules
@ Dieudonné displays, frames, etc.

@ 1993 work of de Jong, in which the Dieudonné correspondence
here can be found, treats more general cases to some degree.

There is also an equivalence between group schemes G = Spec(H)
killed by F and R[V]-modules given by

H s HY/ (HT)?.

This correspondence may be used to find Hopf orders in, for example,
elementary abelian group rings.
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Thank you.
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