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Hopf—Galois correspondence
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Hopf—Galois correspondence

o Let L/K be any finite extension.

Theorem (Chase—Sweedler 1969)

For any Hopf—Galois structure H on L/K, we have an injective correspondence

@y : {K-Hopf subalgebras of H} — {intermediate fields of L/K}
J— L’
induced by the fixed field operator
L’ ={zeL|j z=eQ)zforalljecJ}
where € : H — K denotes the counit. For example, we have
K— LX =1L,

H— [ = K.

We shall refer to the above map ®x as the Hopf-Galois correspondence for H.

o In this talk, we will consider the case when /K is a Galois extension.
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Classical structure on a Galois extension

o Let L/K be any finite Galois extension with Galois group G.

@ The classical structure on L/K is the K-Hopf algebra

(L[ch) = {Z loo €LIGh] | VT €G> T(ls)o =Y éaa} = K[(]

oceG oeG oeG

G acts on L as the Galois group and on G| = G trivially
whose action on = € L is given by
(Z K(,0'> cx = Z lyo(x).
oeG oceG
@ In this case, the Hopf-Galois correspondence
®, : {K-Hopf subalgebras of (L[(}1])“} — {intermediate fields of L/K}
Jr— L7

is bijective because it reduces to the classical Galois correspondence.
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Canonical non-classical structure on a Galois extension

o Let L/K be any finite Galois extension with Galois group G.

o The canonical non-classical structure on L/K is the K-Hopf algebra

(L[G2])E {ZeaeLG2 VreG: Y Tll)Tor :Zzaa}

oeG oeG ceG

G acts on L as the Galois group and on (G5 = (' via conjugation

whose action on = € L is given by

(Z Kca> x=Y Lo

oeG oceG

@ In this case, the image of the Hopf—Galois correspondence
®, : { K-Hopf subalgebras of (L[(5])“} — {intermediate fields of L/K}
J— L’
consists exactly of the fixed fields L' of the normal subgroups I of G.

o Remark. (L[(/\])¥ ~ (L[G4])€ if and only if G is abelian.
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Bijectivity of the Hopf-Galois correspondence
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Fixing the Galois group

o Question. When is the Hopf-Galois correspondence bijective?
L Q H

K

@ Question. Fix the Galois group. When is the Hopf—Galois correspondence always

bijective regardless of the Hopf—Galois structure?

Theorem (Stefanello—Trappeniers 2023)

Fix a finite group G that is going to be the Galois group. The following are equivalent:

@ For any Galois G-extension L/K, the Hopf—Galois correspondence is bijective for

any Hopf-Galois structure on L/K.

@ G iscyclic and g tp — 1 for all prime divisors p, g of |G|.

(L. Stefanello, Classifying Galois extensions with Childs's property, Hopf Algebras and Galois Module Theory, 2024)
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Fixing the type of the Hopf-Galois structure

o Question. When is the Hopf-Galois correspondence bijective?

L Q H 3N s.t. L@k H ~ L[N]

The type of H is defined to be V.
This group N has the same order as G.
K

@ Question. Fix the type of the Hopf—Galois structure. When is the Hopf-Galois

correspondence always bijective regardless of the Galois group?

Theorem (Stefanello—T. 2025)
Fix a finite group /V that is going to be the type. The following are equivalent:

@ For any Hopf-Galois structure H of type N on any Galois extension, the Hopf-Galois

correspondence for H is bijective.

@ N is Cs, Vu, or cyclic of odd order and g tp — 1 for all prime divisors p, g of |N|.

(C. Tsang, Classification of the types for which every Hopf-Galois correspondence is bijective, Hopf Algebras and Galois Module Theory, 2025)
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Comparison of the two results

The finite groups G such that for any Galois G-extension L/K, the
Hopf—Galois correspondence is bijective for any Hopf-Galois structure on L/ K.

Vi

The finite groups N such that for any Hopf—Galois structure H of type N
on any Galois extension L /K, the Hopf-Galois correspondence for H is bijective.

cyclic groups of even order such that
qtp— 1 for all prime divisors p, g

(Ochanomizu University) Minimal Hopf-Galois structures on Galois e



Non-bijectivity of the Hopf-Galois correspondence
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Minimal Hopf—Galois structure

o Let L/K be any finite extension.
Theorem (Chase—Sweedler 1969)

For any Hopf—Galois structure H on L/K, we have an injective correspondence

&y : { K-Hopf subalgebras of H} — {intermediate fields of L/K}
J— L7
induced by the fixed field operator. For example, we have
K— LX =1L, H+— L7 = K.

We shall refer to the above map @ as the Hopf-Galois correspondence for H.

Definition (Ezome—Greither 2021)
A Hopf-Galois structure H on L/K is minimal if dimg (H) # 1, and

Q L and K are the only elements of Im(® ), or equivalently

the map @ p7 is as far from being bijective as possible

Q /i and H are the only K-Hopf subalgebras of H.
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Main result

@ Question. Can one classify the minimal Hopf—Galois structures?

Theorem (T. arXiv:2602.09320)

Let H be a Hopf-Galois structure on some finite Galois extension L/K.

If H is minimal, then the type NV of H is characteristically simple. Moreover:

@ Abelian case NV ~ [F}) with p a prime:

Q H is the classical structure and is obviously minimal
(i} H is never minimal

©Q Non-abelian case V =~ 7" with T" non-abelian simple:

Qo H is minimal <= H is the canonical non-classical structure
Q If H is minimal, then some fairly restrictive conditions hold ...

Maybe H is never minimal when n > 2 in the non-abelian case also?
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A skew brace-theoretic approach to the main result
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Skew brace

oo ]

A skew brace is a set A = (A, +,0) equipped with two group operations such that

ao(b+c)=aob—a+aoc
holds for all a,b,c € A. Here + need not be commutative. For each a € A, the map
Xa:(A,+) — (A, 4); Xa(b)=—a+aob
is clearly an automorphism, and the map
A:(4,0) — Aut(4,4); a— A

is easily shown to be a group homomorphism.

A subset I of A is a left ideal if I is a subgroup of (A, +) and \,(I) C I for all a € A. )

o Remark 1. The characteristic subgroups of (A, +) are all left ideals of A.
o Remark 2. The left ideals of A are automatically subgroups of (A4, o).

@ Closed under multiplication because a 0 b = a + Ay (b).

@ Closed under inverses because 0 =@ o a = a + Ag(a) implies @ = —Xgz(a).
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Stefanello—Trappeniers connection

o Let L/K be any finite Galois extension with Galois group G = (G, o).

Theorem (Stefanello—Trappeniers 2023)

There is an explicit one-to-one correspondence between the following:
Q@ Hopf-Galois structures H on L/K.

@ Group operations + on G such that (G, +,0) is a skew brace.
Under this correspondence, the type of H is given by (G,+). Moreover:

VI < (G,0): L' €Im(®y) <= Iis a left ideal of (G,+,0).

@ Trivial skew brace (G, 0,0) is a skew brace.

@ corresponds to the classical structure

Q left ideals are the subgroups of (G, 0) because \,(b) = b

o Almost trivial skew brace (G, 0%, 0) is a skew brace, where a o® b =boa.

@ corresponds to the canonical non-classical structure

Q left ideals are the normal subgroups of (G, o) because A\s(b) =aoboa
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Left-simple skew brace

o Let L/K be any finite Galois extension with Galois group G = (G, o).
Dy : {K-Hopf subalgebras of H} — {intermediate fields of L/K}

LQH
VI < (G,o0):

G L' € Im(®y) <= Iis a left ideal of (G, +,0)

Recall that H is said to be minimal if dimx (H) # 1, and
L=1%  K=IL¢

are the only intermediate fields that lie in Im(®g).

Definition (T. arXiv:2602.09320)

A skew brace A = (A, +, o) is left-simple if A # {0}, and {0}, A are the only left ideals.

@ Therefore, minimal Hopf-Galois structures correspond to left-simple skew braces.
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Main result (in the language of skew braces)

Let A = (A, +,0) be a finite skew brace.

Let H be a Hopf-Galois structure on some finite Galois extension L /K.

If A is left-simple, then (A, +) is characteristically simple. Moreover:

If H is minimal, then the type NV of H is characteristically simple. Moreover:

@ Abelian case (A, +) ~ [F} with p a prime:

A is a trivial skew brace and is obviously left-simple

H is the classical structure and is obviously minimal

Qo A is never left-simple

H is never minimal
@ Non-abelian case (A, +) ~ 7" with T" non-abelian simple:

A is left-simple <= A is an almost trivial skew brace

H is minimal <> H is the canonical non-classical structure

Q If A is left-simple, then some fairly restrictive conditions hold ...

If H is minimal, then some fairly restrictive conditions hold ...
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Outline of the proof
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Proof of the abelian case

Theorem (T. arXiv:2602.09320): Abelian case

Let A = (A, +,0) be a finite skew brace and (A, +) ~ [} with p a prime.
Q A'is a trivial skew brace and is obviously left-simple
Q A is never left-simple

@ Proof. We can view the group homomorphism
A:(4,0) — Aut(A4,4) 2 GLx(Fp); a—= Aa (Ma(b) =—a+aobd)
as a representation of the p-group (A, o) over the finite field F,, of characteristic p.
@ The left-simplicity of A is then equivalent to the irreducibility of A.
o As is well-known in Modular Representation Theory:

@ By the class equation, the action of (A, o) on [} has a fixed point ¥ # 0.

@ The subspace U generated by ¥ is a non-zero A-invariant subspace.
This implies that A is irreducible if and only if n = 1.

o For n =1, clearly X is trivial, which means that A is a trivial skew brace. [J
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Proof of the non-abelian case

Theorem (T. arXiv:2602.09320): Non-abelian case

Let A = (A,+,0) be a finite skew brace and (A, +) ~ 7" with T non-abelian simple.
Qo A is left-simple <= A is an almost trivial skew brace

o If A is left-simple, then some fairly restrictive conditions hold ...

o ldea of the proof. The key is the fact that the homomorphisms

A:(A4,0) — Aut(A,4); a—Aa (Aa(b) = —a+aob)
p:(A40) — Aut(A,+); a— pa (pa(b) =aob—a)

give rise to a subgroup

Inn(A, +) C Im(A\)Inn(A, +) = Im(A\)Im(p) = Im(p)Inn(A, +) C Aut(4, +).
Moreover, they give rise to two left ideals
ker(p) and conj”'(Im()))
of A, where conj : (A,4+) — Aut(A, +) is the natural homomorphism.

o We may assume that A is not almost trivial, for otherwise it is obvious that A is

left-simple when n = 1, and A is not left-simple when n > 2.
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Proof of the non-abelian case

@ Suppose that A is left-simple and we want to obtain a contradiction.

o One can show that ker(p), conj~*(Im(\)) # A, and so ker(p),conj” " (Im(\)) = 0.
(%)

° We have an almost simple group
Inn(7T") C Im(A)Inn(7") = Im(A)Im(p) = Im(p)Inn(7) C Aut(T)
with socle T'. It follows from (k) that
Q@ Im(\)NInn(T) =1;
@ Im(X) embeds into Out(T") and so in solvable by Schreier's Conjecture;
@ Im(p) is isomorphic to (A, o) and so has order |T|.
Moreover, by the trifactorization above, we have:
Q@ Im(p)/Im(p) NInn(T) ~ Im(A).
o Factorizations of almost simple groups with a solvable factor have been somewhat

classified by Li and Xia (2022).

o We ruled out every single possibility by considering the orders of the two factors.
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Proof of the non-abelian case

° Since ker(p) = 0, we have an embedding

p:(A,0) — Aut(A,+) = Aut(T)" x S,
and one can show that the projection of Im(p) onto S, is a transitive subgroup.

o This implies that n has to divide |A| = |T'|", so the prime factors of n are among

those of |T'|. In fact, one can show that
AR<T"st.n|[T":R] and [T":R]||Out(T)|"-nl.
This seems to be quite restrictive, but not enough to obtain a contradiction.
@ There is no classification of the factorizations of the groups
Inn(T™) € Im(A)[nn(7") = Im(A)Im(p) = Im(p)Inn(7") € Aut(T™)

when n > 2, but we have some fairly restrictive conditions on the factors.

Can one somehow get a contradiction?
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Cindy Tsang (Ochanomizu University) Minimal Hopf-Galois structures on Galoi


https://www.irasutoya.com/

